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Abstract For non-relativistic quantum field theory in the few-body limit with 
instantaneous interactions it is proven to all orders in perturbation theory as 
well as non-perturbatively that propagators are not renormalized and that the 
renormalization group equations of one-particle irreducible vertex functions 
are governed by a hierarchical structure. This hierarchy allows to solve the 
equations in the n-body sector without knowledge or assumptions about the 
TO-body sectors where m > n. 
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1 Introduction 

In classical mechanics as well as non-relativistic quantum mechanics it is an 
evident fact that one can solve the equations governing n interacting massive 
particles without having to have any knowledge or making any assumptions 
about the solution to the corresponding equations for n + 1 or more par- 
ticles. This important and fundamental feature is not given for relativistic 
quantum field theory, however. Indeed, the non-perturbative renormalization 
group equations for the propagator (or two-point function) usually depends 
on the four-point function. The renormalization group equation of the four- 
point function, in turn, depends on the six-point function and so on. This 
infinite hierarchy of coupled equations makes it impossible to solve the equa- 
tions governing a single particle, i. e. the equation for the propagator without 
considering the problem of two or more particles at the same time. (The situ- 
ation is different in perturbation theory at fixed finite order.) 

In this paper we show how the above feature is restored for a non-relativistic 
quantum field theory. More specific we consider a field theory which has only 
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particles but no anti-particles. The prime example for this is non-relativistic 
quantum field theory with instantaneous interactions in the few-body limit 
but there exist also other examples such as statistical reaction-diffusion sys- 
tems pp. We will show that the renormalization group equations of such a 
field theory are governed by an interesting hierarchical structure which we call 
n-body hierarchy. This hierarchical structure allows in principle to solve the 
renormalization group equations for correlation functions governing n inter- 
acting particles successively, i. e. first the equations for two particles, then for 
three particles and so on without further truncations. 

In the case of non-relativistic quantum field theory in the few-body limit 
one has an intuitive reason to expect such a structure. Indeed, this field the- 
ory is expected to be equivalent to non-relativistic quantum mechanics. The 
hierarchical structure on the field theory side corresponds on the side of quan- 
tum mechanics to the fact that one can solve the Schrodinger equation for the 
problem of n interacting particles without having to solve the equations for 
n + 1 particles. 

In non-relativistic field theory particle number is conserved. In a field theo- 
retic formulation this conservation law is connected with a global U(l) invari- 
ance for each conserved particle species. In this paper we concentrate for sim- 
plicity on the case of a single particle species with bosonic quantum statistics 
and without spin. A generalization of the result to more complicated situations 
with different species, spin and fermonic statistics is straight forward. 

We assume that the microscopic inverse propagator is of the form 

ipa + /(p) - Mi (1) 

where po is an euclidean (or imaginary) frequency and /i is a chemical potential. 
In the case equivalent to non-relativistic quantum mechanics one has /(p) = 
2jyp 2 , for a reaction diffusion system /(p) = Dp 2 but actually the precise 
form of /(p) is not important for our purpose. We only require /(p) > 0. The 
chemical potential /i is chosen such that the particle density vanishes. This 
implies in any case /i < and if there are bound states in the system one 
has to choose such that it is larger than the maximal binding energy per 
particle. This ensures that for fundamental particles as well as for composite 
particles or bound states the dispersion relation is always such that the on- 
shell energy E = —ipo is positive or zero. Moreover, must be chosen large 
enough that possible branch cuts for composite particle propagators are at 
positive energy. 

Now that we have specified the microscopic propagator let us turn to the 
interactions. We assume that they are instantaneous which implies that the 
Fourier transformed microscopic interaction vertices are independent of fre- 
quency. In contrast we make no assumptions about the dependence of the 
interaction energy on the distance between particles. In Fourier space the de- 
pendence on the spatial momentum remains therefore unspecified. Also, we 
allow in addition to two-particle interactions interaction terms involving three 
or more particles. The only condition is that these must be instantaneous, as 
well. 



Few-body hierarchy in non-relativistic quantum field theory 



3 



X 




Fig. 1 Graphical representation of the propagator and microscopic interaction vertices. 

In a graphical notation we denote particles with the dispersion relation ([lj 
by a solid line with an arrow which denotes the direction of particle number 
flow. The microscopic two particle interaction is denoted by a vertex where 
two lines cross, the three-particle interaction by a vertex where three lines 
cross etc., see Fig. [1] 

2 Perturbative loop expansion 

From the conditions to the theory formulated in the previous section one can 
derive some interesting properties and relations. In this introductory section 
we concentrate on perturbation theory and its diagrammatic representation in 
terms of Feynman diagrams. We start with a simple but powerful consequence 
of the form of the microscopic propagator. Since we will show below that the 
propagator is not renormalized at any order in perturbation theory or non- 
perturbatively, one can actually generalize the statements accordingly. 

Lemma 1 The microscopic propagator as a function of the (imaginary) time 
difference At between initial and final state vanishes when At < 0. 

For the proof we employ the Fourier representation 



For At > one can close the po integration contour in the upper half of the 
complex plane. The propagator has a pole there and the result is non-zero. 
However, for At < one has to close the integration contour in the lower half 
plane and the result vanishes. All particles must therefore propagate forwards 
with respect to the imaginary time direction r. 

One can immediately derive some interesting consequences. 

Corollary 1 All non-vanishing diagrams involving microscopic instantaneous 
interaction vertices can be drawn such that there is a preferred direction ("time ") 
in which incoming and outgoing lines point and no particle flows backwards 
against this direction. 

This is directly evident from lemma [T] 




Corollary 2 To all orders in perturbation theory the (inverse) propagator in 
(H|) is not renormalized. 
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Fig. 2 Feynman diagrams that contain a closed loop of particle number flow and vanish 
since they necessarily contain lines pointing backwards in time (downwards in the graphical 
representation). The interaction vertices are microscopic, instantaneous interactions. 

Indeed particle number conservation implies that all possible diagrams 
renormalizing the two-point function contain a part where particle number 
flow points against the time direction and vanishes therefore due to the above 
statements. 

Corollary 3 All diagrams in perturbation theory that contain a closed loop of 
particle flow vanish. 

Indeed, a closed loop where all particle number flow arrows point along 
the loop direction necessarily contains a part where particle flow lines point 
backwards in time and vanishes therefore. Some examples for this are shown 
in Fig. [2j A statement similar to this one was proven in ref. [2] . 

3 Classification and decomposition of correlation functions 

After the brief introductory discussion of perturbation theory let us streamline 
the discussion a bit. The main objective of this section is to classify correla- 
tion functions. Besides the standard notion of n-particle irreducibility we define 
terms such as "n-body" and "m-closeable" that will be useful below. Although 
we use perturbation theory in some of the arguments, the statements and in 
particular the classification of correlation functions are also valid beyond per- 
turbation theory. For a formulation that does not rely on Feynman diagrams 
one works in the functional integral formulation and introduces appropriate 
source terms of linear, quadratic and higher order in the fundamental fields. 
Let us start with the following 

Definition 1 We call a (connected) diagram n-body if it contains n incoming 
and n outgoing lines. 

Due to the non-renormalization property for the propagator there are no non- 
trivial one-body diagrams in perturbation theory. In Fig. [3] we show some 
examples of two-body diagrams and some three-body diagrams are shown in 
Fig.m 

Note that all possible connected two-particle diagrams are one-particle irre- 
ducible. Apart from the three-level diagram they are all two-particle reducible, 
however. 

The class of three-body diagrams contains also one-particle reducible tree- 
level diagrams. The loop contributions can be one-particle and two-particle 
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Fig. 3 Two-body diagrams. 




Fig. 4 Three-body diagrams. 




Fig. 5 The two-closeable 5-body diagram on the left can be closed to yield the one-closeable 
4-body diagram in the middle. Closing it once more yields the two-loop three-body diagram 
on the right. 

irreducible but are all three-particle reducible. Obviously these properties can 
be generalized to n-body graphs: 

Lemma 2 An n-body correlation function involving more than a single funda- 
mental interaction vertex is at most (n — 1) particle irreducible but n-particle 
reducible. 

For the proof it suffices to note that due to particle number conservation 
and corollary [T] at each time step there are always n forward propagating lines 
connecting the incoming and outgoing lines. One can always make a horizontal 
cut between two vertices showing n-particle reducibility. On the other side 
one can always construct (n — l)-particle irreducible graphs, for example the 
generalizations of the last diagram in Fig. 2) 

Let us now define a property of n-body correlation functions that will be 
particularly useful for studying the renormalization group evolution. 

Definition 2 We call a n-body diagram m-closeable if m outgoing lines can 
be connected to ingoing lines such that a non- vanishing (n — m)-body diagram 
is obtained. 

As an example consider the second diagram in Fig. [4] It is one-closeable 
since one can connect the outgoing line on the left with the incoming line on 
the right. The result is the one-loop two-body diagram in Fig. [3] 

As a second example consider the 5-body diagram in Fig. [5] It can be 
closed twice to yield a non- vanishing three-body diagram and is therefore two- 
closeable. 
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We note that one can determine from the analytic structure of an n-point 
function with respect to the frequency of the incoming and outgoing lines 
whether it is closeable or not. Indeed, as a function of the potential loop 
frequency it must contain a singularity (a pole or a branch-cut) in the lower 
half of the complex plane. Otherwise one could close the integral contour there 
and the resulting loop expression would vanish. 

In the (imaginary) time representation a n-body diagram is m-closeable 
when it is non-vanishing for a configuration where the time arguments for 
m outgoing lines t* ut , . . . , t™ t are earlier than the time arguments of m in- 
coming lines £j n , . . . , t-JJ. More precisely one needs a non- vanishing value for a 
configuration with 

f l < f P(l) fn < ,P(m) ,„s 

''out ^~ Hn ' ' ' ' ' out ^ 'in ' \°) 

where . . . , P(m) is a permutation of 1, . . . , m. 

This shows that the attribute m-closeable is not only well defined for a 
perturbative contribution to an n-body correlation function but can be used 
more generally to characterize these objects also beyond perturbation theory. 

We remark that the non-renormalization property of the propagator implies 
that two-body correlation functions are never closeable. Similarly, three-body 
correlation functions can be at most one-closeable. Also, since two-body cor- 
relation functions with loops are one-particle irreducible but two-particle re- 
ducible, opening a line leads to a one-particle reducible three-body correlation 
function. Closeable three-body correlation functions are therefore one-particle 
reducible. 

More generally, the "particle reducibility" increases by closing a line. As 
an example consider again Fig. [5j The first diagram is one-particle reducible. 
Closing a line leads to the second diagram which is one-particle irreducible 
but two-particle reducible. Finally, the last diagram is two-particle irreducible 
but three-particle reducible. 

One can combine these observations with lemma [5] to the following 

Corollary 4 A m-closeable contribution to the n-body correlation function 
can be at most (n— 2m— 1) -particle irreducible but is (n— 2m) -particle reducible. 
For a connected diagram one needs n — 2m > 1 and therefore 

n — 1 ... 
m < — . (4) 

For the diagram to be also one-particle irreducible one needs 

m<^—^. (5) 
- 2 w 

For the proof we note that closing m lines yields a (n — m)-body correlation 
function. Due to lemma[5]the latter is maximally (n— m— l)-particle irreducible 
but (n — m)-particle reducible. Cutting the m lines again yields the statement. 

For many purpose it is useful to organize a quantum field theory in a 
one-particle irreducible scheme. By definition tree-level expressions become 
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exact when fundamental or microscopic interaction vertices are replaced by the 
complete one-particle irreducible vertex functions. It is furthermore useful to 
decompose each one-particle irreducible n-body vertex into a part that is non- 
closeable, a part that is one-closeable ect. As discussed above the one-particle 
irreducible two-body and three-body vertices are non-closeable while the one- 
particle irreducible 4-body vertex has a non-closeable and a one-closeable part. 

More generally one can infer from corollary H] that the one-particle irre- 
ducible n-body vertex has m-closeable parts where m is in the range 0, . . . , 
for n even and in the range 0, . . . , for m odd. 



4 Non-perturbative renormalization group formalism 

In this section we discuss the non-perturbative renormalization group evolution 
of n-body correlation functions in a one-particle irreducible scheme. We intro- 
duce briefly the functional renormalization group formalism and the particular 
adaptions that must be made to apply it in our situation (such as choosing an 
appropriate infrared regulator function). For more detailed introductions and 
for reviews we refer to the literature [3]- 

The formalism is based on the functional integral formulation of quantum 
field theory. In our situation the (euclidean) microscopic action is of the form 

S[4>] = J dr J d d ~ x x {(/)* (d T + /(-iV) - n) <j> + interaction terms} (6) 

where the interaction terms are of quadratic and higher order in the fields 
4>* and <fi. Since we assume interactions to be instantaneous they involve no 
derivatives with respect to the (imaginary) time r. 

In the non-perturbative renormalization group formalism one adds to this 
a term quadratic in the fields <fi* and <j). In momentum space it reads 

Here the index k denotes an momentum scale and Rk is chosen such that it 
acts as an infrared regulator at that scale. In general it is advisable to choose 
i?fc(po, p) such that it does not break any important symmetries present for the 
microscopic action ©, although this is not strictly necessary (an alternative 
is to consider Ward identities modified by the explicit symmetry breaking due 
to R k ). 

Except from this one usually requires that 

Rk(po,p)^0 for fc^O (8) 

and 

Rk{po, p) — > 00 for k — > co. (9) 

A simple choice fulfilling these properties is Rk(po,p) = k 2 . In particular for 
approximate calculations it is furthermore often useful to work with a cutoff 
function that decays for large momenta and frequencies. 
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In our specific context there is one further crucial requirement. As discussed 
earlier, the singularities of the propagator 

G = . , * (10) 

m + /(p) - a* 

with respect to po are all in the upper half of the complex plane. It will 
be important for what follows that this is also the case for the regularized 
propagator 

Gk «Po + /(p)-M + -Rfe(Po,p)' 11 

Obviously the cutoff Rk = k 2 fulfills this requirement as well as any other 
choice with Re(Rk) > that depends only on the spatial momentum p. 

At this point we mention only one further possible choice [1] that decays 
for larger frequencies and momenta and is furthermore invariant under the 
Galilean symmetry present for /(p) = 2J4P 2 (c > is an arbitrary real pa- 
rameter, for concreteness take c « 1), 

cfc 4 

flfc(po,p)= , 2 , . , t( > ■ (12) 

cfc 2 +ipo + f{p) -n 

Indeed, with this choice the regularized propagator has poles for 



»Po + /(p)-M= ^2 ±i V C_ Tj (13) 

For most of the discussion that follows here it will not be necessary to choose a 
specific form of the regulator function as long as all of the above requirements 
are fulfilled. 

From this point one proceeds by defining a modified version of the Schwinger 
functional, the generating functional for connected correlation functions, 

w k[J] - f aa e -Sm-AS k [4,}+J T x {J*<p+<f,*J} 



The Legendre transform of this yields the generating functional of one-particle 
irreducible correlation functions in the presence of the infrared regulator term 
AS fcj 

f k [<t>}= f {J*4> + <f>*J}-W k [J\ (15) 
where the right hand side is evaluated for 

4>=-^W k [J], 4>* = ^jW k [J}. (16) 
Subtracting from this the infrared regulator function yields the flowing action, 

i\[</>] = r k [<i>]-ASk[4>]. (17) 
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Due to the property (0) of the infrared regulator function one recovers the stan- 
dard generating functional for one-particle irreducible correlation functions for 
k -> 0, 

Km r k y>] = ry>]. (is) 

fc^O 

On the other side, the property © implies that all quantum fluctuations are 
suppressed for large infrared cutoff scales. This implies 

limAM = 5[0]. (19) 

k— >oo 

Let us now come to the central equation of the functional renormalization 
group formalism, the exact flow equation [5] for r k [4>] , 

d k r k [<i>] = isTr(ri 2) [0] +R k )- 1 d k R k . (20) 

Here the trace operator STr contains an additional minus sign for fermonic 
particles. Since Eq. (|2"0")) can be used to follow the changes in r k [4>} between 
the two limiting cases in Eqs. (|18l) and (TT9"1) . the exact flow equation in (|2"D|) 
allows to take the effect of quantum fluctuations on the generating functional 
r k [4>] into account. Note that although ([2U| is of a relatively simple one- loop 
structure it is nevertheless non-trivial since both sides depend on the fields <j>* , 
in a functional way. 

For our purpose it will also be useful to work with the following version of 
the exact flow equation 

d k r k [ct>] = c\isTrln(/f \<f>] + R k ) (21) 

where d k is a formal derivative that hits only the cutoff R k . In this form 
the one-loop form is even more evident. In particular the functional deriva- 
tives of (|21l) lead to flow equations for correlation functions that resemble 
the perturbative diagrams. The vertices are replaced by complete frequency-, 
momentum- and fc-dependent vertices and for the propagator one has to take 
a variant regularized by the infrared cutoff R k . 



5 The decoupling theorem and its implications 

In this section we present and discuss a useful decoupling theorem which es- 
sentially states that the renormalization group equations governing the n-body 
sectors can be solved succeedingly, starting from n = 2, then going to n = 3 
and so on. The proof of the theorem is given in the following section. 

Under most circumstances one cannot solve (|20|) exactly. (An exception 

( 2 ) 

are free theories where 7^ is independent of the field </>.) For our purpose it 
will be convenient to use a field expansion of F k [<fi]. Due to the U(l) symmetry 
only terms of equal order in <jj* and 4> can appear. We write 

r k [0] = rf } + [<t>] + /f } $ + rf } [4>] + . . . (22) 
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where is independent of the field <j) (and can be drooped since it is not 
relevant in the following), r^ 1 ^^] is of the order 4>*4>, r^[<f)] of order (j>* 2 (j) 2 
and so on. 



We furthermore decompose the terms r£ for n > 2 into a sum of the 



form 



Here we use 



rt } \4>]= E\ Km} [4 (23) 



m=0 



c(n) 



2 

n — 3 



2 



for n even 
for n odd 



(24) 



The term I^™'™' 1 [</>] is defined such that its functional derivative yields the 
m-closeable part of the one-particle irreducible ro-body vertex function. 

As discussed above one can base the definition of m-closeable either on 
the analytic structure of a correlation function with respect to its frequency 
arguments or on the imaginary time representation according to the discussion 
around Eq. ((3]). 

At this point we remark also that for large cutoff scales k —> oo the -T^ [</>] 
for n > 2 approach the fundamental interaction terms present in the micro- 
scopic action S[<p\. As fundamental instantaneous interactions they are non- 
closeable so that one can infer 

lim = for m > 1. (25) 



k 

Together with (TK))) this fixes the decomposition (|2Uf for k — > A 

k 



The fact that the two-body part [<j>] does not have a closeable part has 



an interesting consequence. 



Lemma 3 The propagator or one-body part of the effective action r^[(j>] 
not renormalized. 



IS 



We remark that this statement has first been show within a truncation of 
the functional rcnormalization group equations in [2]. The proof is straight- 
forward. Due to the one-loop property of the flow equation and particle number 
conservation, the only possible renormalization of the propagator comes from 
the tad-pole similar to the first diagram in Fig. [TJ Lemma [1] ensures that the 
microscopic propagator can only point forwards in time. We assume that the 
regulator Rk is chosen such that this holds also for the regularized microscopic 
propagator as well as for its regulator scale derivative. However, since the two- 
body interaction vertex is non-closeable this implies that the right hand side 
of the flow equation vanishes initially (at the microscopic scale) and therefore 
at all k. 

It is an important consequence of lemma [3] that one can rely on the state- 
ment of lemma [1] not only at the microscopic scale but on all scales k. More 
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specific, both the regularized propagator Gk(Ar) and its regulator scale deriva- 
tive 9fcGfc(Z\r) vanish when At < 0. 

We now come to a central statement of this paper. 

Theorem 1 (Decoupling theorem) The right hand side of the flow equa- 
tion for the m-closeable part of the one-particle irreducible (n + m)-body vertex 
function can depend only on (regularized) propagator, the q-body vertex func- 
tions with 2 < q < n and the part of the (n + j)-body function that is at least 
j-closeable where < j < m + 1. 

Before proving this theorem let us shortly discuss its implications and con- 
sequences. First we remark that corollary 0] implies that in the above theorem 
m is bound by m < n — 2. We now make the following 

Definition 3 The one-body sector consists of the propagator and the two-body 
sector of the one-particle irreducible two-body vertex. The n-body sector for 
n > 2 consists of the non-closeable part of the one-particle irreducible n-body 
vertex functions and the m-closeable part of the (n + ni)-body vertex function 
where m < n — 2. 

From theorem [1] one can now immediately infer the following 

Corollary 5 The flow equations for the n-body sector depend only on the ver- 
tex functions in the j-body sectors where j < n but not on the vertex functions 
in the j-body sectors where j > n. 

In other words, the flow equation for the n-body sector decouple from the 
higher body sectors. For practical calculations this leads to the important and 
useful consequence that one can first solve the flow equations for the two-body 
sector, use this solution to solve the equations for the three-body sector and 
so on subsequently for the higher n-body sectors. 

Note that due to theorem 1 one has in this way a chance to construct exact 
solutions to the flow equations in the lower n-body sectors. It is clear, however, 
that the equations will become more and more complex as one goes to higher 
n. In praxis it will therefore usually not be possible to solve the equations for 
all n. 

Once one has calculated the one-particle irreducible n-body vertex func- 
tions one can directly extract physical observables such as scattering matrix 
elements or binding energies of bound states. For example, a scattering am- 
plitude for three-to-three particle scattering is obtained by summing the one- 
particle irreducible three-body correlation function from the functional deriva- 
tive of T[(j)\ with tree-level expressions similar to the second diagram in Fig. 
HI The two-body vertex appearing in these expressions is the complete one- 
particle irreducible one obtained from r[c/)] as well. 

6 Proof of the decoupling theorem 

Let us now formulate the proof of theorem 1. We start with an auxiliary 
formula. Consider a one-loop expression as it appears on the right hand side of 
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the flow equation with n incoming and n outgoing external lines (a contribution 
to the flow of the n-body correlation function) . We assume that the expression 
involves Vj vertices with j incoming and outgoing lines (i. e. j-body vertices). 
By counting lines one finds the constraint 

oo 

n = Y,VjV-l)' (26) 

Since Vj > is an integer one has Vj = for j > n+ 1. Moreover, V n +i ^ 
implies V^+i = 1 and Vj = for j < n + 1. In this case the loop consists of 
a single vertex that starts and ends on the (n + l)-body vertex. The latter 
must therefore be one-closeable to yield a non-zero contribution. We have now 
already proven theorem 1 for the simplest case m = 0. 

Let us now consider m > 0. From the generalization of ([26| it follows now 
that the highest order correlation function that can be involved is (n + m + 1)- 
body. 

Assume now that the one loop expression contains at least one (n + j)- 
body vertex function where 1 < j < m + 1. (Otherwise there is no non-trivial 
statement to prove.) Let us call this vertex A and let us group the remaining 
vertices in the loop into a structure B which constitutes an (to — j + 1)- 
body correlation function, although in general one-particle reducible. We now 
distinguish different cases how the vertex A and the correlation function B arc 
connected to form a one-loop expression. 

(i) The (n + j)-body vertex A is connected to the correlation function B 
by two lines that are incoming on A. For a graphical representation of this 
situation see Fig. [6l 

(ii) The (n + j)-body vertex A is connected to the correlation function B 
by two lines that are outgoing on A. 

(iii) The (n + j)-body vertex A is connected to the correlation function B 
by a line that is outgoing and one that is incoming on A. The time argument 
of the outgoing line is after than the one of the incoming line. This situation 
is shown graphically in Fig. [71 
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m-j+1 n+j-1 




m-j+1 n+j-1 



Fig. 7 Case (iii). 



m-j+1 n+j-1 




m-j+1 n+j-1 



Fig. 8 Case (iv). 

(iv) As in (iii) but now the time argument of the outgoing line is before 
that of the incoming line. For a graphical representation of this situation see 

Fig.m 

We now consider what happens when one closes lines. In principle there are 
three possible ways. First, one can close a line by connecting an outgoing and 
an incoming line of the correlation function B without touching the vertex A. 
Second one can close lines such that one makes additional connections between 
the two objects and the third way is to close a line within the vertex A. 

To prove that the vertex A must be j-closeable let us introduce the integer 
number Na counting how often we effectively close a line on A. We show that 
after closing m lines in total, each of them either in the first, second or third 
way, one necessarily arrives at Na > j- This in turn implies that the (n + j)- 
body vertex A must be at least j-closeable and therefore proves theorem 1. The 
proof strongly relies on lemma [T] and lemma |3] and we consider only diagrams 
that can be drawn such that all lines point forwards in time. 

Let us also introduce the " auxiliary counter" Nb which count the number 
of available pairs of incoming and outgoing lines on the vertex B. 

Let us start with case (i) (Fig. [6]). The auxiliary counter starts with Nb = 
m — j. Let us now attempt to close a line. If the line is closed in the first way 
one expends a pair of incoming and outgoing lines on B and and the auxiliary 
counter reduces by one, Nb — > Nb — 1. Let us now attempt to close a line 
in the second way i.e. by drawing a line between A and B. If one connects 
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a line that is incoming on A with one that is outgoing on B there is always 
another line that incoming on B before that. Now there are two possibilities. 
Either this line remains an open incoming line even after all m lines have been 
closed or it gets closed by connecting it with a line that is outgoing on A. 
In the former case we have simply closed one line and expended one pair of 
incoming and outgoing lines at B which lowers the auxiliary counter by one, 
Nb — > Nb — 1. In the latter case we have closed two lines, and consumed 
one pair, i. e. we have to set Nb — > Nb — 1. However, in effect the two lines 
together constitute a line that starts and ends on A and therefore one has to 
raise the corresponding counter Na — > Na + 1- We note at this point that 
instead of starting with an outgoing line on B we could as well have started 
with an incoming line and connect it to an outgoing line of A. 

The steps described above can only be reiterated until the counter Nb has 
reached 0, i. e. at most m — j times. The remaining lines must then be closed 
in the third way. Each step raises the counter Na — > Na + 1. In total one finds 
at the end Na > j as required. 

Case (ii) is obviously completely analogous to case (i). 

Case (iii) is a little more intricate since we now have to start with Nb = 
n — j + 1. However, one observes that there must always be an outgoing line 
with time argument after the loop line that is incoming on B. This remains 
to be true even after a number of lines have been closed in the first way on B. 
If this line remains to be an external line after closing all m lines it reduces 
the counter Nb effectively to Nb = n — j. Otherwise, if it gets connected with 
a line outgoing on A this constitutes together with the loop line a line that 
starts and ends on A and therefore to Na — > Na + 1 • From this point one can 
follow the argument as in case (i) leading in effect again to Na > j- 

In case (iv) one starts with Nb = m — j + 1. Now, however, the two loop 
lines constitute already a line that starts and ends on A so that one has to 
initialize with Na — 1- The rest of the argument is then as in case (i). 

This closes the proof of theorem 1. 



7 Conclusions 

We have discussed how the hierarchical structure of n-body sectors that is im- 
manent in non-relativistic quantum mechanics, is realized in non-perturbative, 
non-relativistic quantum field theory. This is of interest due to several reasons: 

(i) There is little doubt that non-relativistic quantum field theory in the 
few-body limit is equivalent to quantum mechanics. The discussion presented 
here helps to shed light on the precise details of this correspondence and 
thereby facilitates a comparison between results of (approximate) calculations 
in both formalisms. 

(ii) Some of the arguments presented here for the case of non-relativistic 
few-body physics can be generalized to other quantum and statistical field 
theories with similar properties. 
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(iii) There are few cases known where one can obtain exact solutions of non- 
perturbative functional renormalization group equations. The mechanism that 
allows for this here is therefore of more general interest and its understanding 
might be of use in other situations as well. 

(iv) In recent years the non-perturbative renormalization group formalism 
has been proven to be a useful tool for analytic and numerical investigations of 
universal few-body physics [B] . The theoretical insights obtained here will help 
to construct more effective and precise approximation schemes in the future. 

Acknowledgements I thank N. Wschbor for useful discussions and for making me aware 
of a gap in the previous understanding of the few-body hierarchy [7]. 
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